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Application to Tcells data
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1. Motivations

Study cell dynamics through Langevin Dyanmics

dx(t) = f(t, x)dt + g(t, x)dw
Drift 4/ \» Diffusion
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Study cell dynamics through Langevin Dyanmics

dx(t) = f(t,x)dt + g(t, x)dw
Drift 4/ \> Diffusion

Different Xo

VS

ODE

dx = f dt



1. Motivations

Always the same: how do we connect two distripbutions 7

1. Stochastic or Deterministic?
2. Do cell dynamics follow optimal strategy ? Optimal according to what ?

3. If stochastic dynamics, what is the true noise type ?

(i1) PF-ODE (i) SDE (i1) PF-ODE
4 -

Adapted from S. Zhang, Learning non-equilibrium diffusions with Schrodinger bridges: from exactly solvable to simulation-free



Brief History
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Srownian Motion to Diffusion Models

(1827) Robert Brown + Jean Perrin: small pollen grains have irregular motion
in water (becomes '‘Brownian motion’)
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From Brownian Motion to Diffusion Models

(1827) Robert Brown: small pollen grains have irregular motion in water
(becomes '‘Brownian motion’)

5 s 2% ¥t (1905) Einstein + Smoluchowski: Motion is caused by the impact of the water
molecules. Mean squared displacement can be related to a diffusion coefticient
’-':'z‘;: « . Using a probabilistic approach by considering the statistical behavior of the
"-::-" <o 5 molecules
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Srownian Motion to Diffusion Models

(1827) Robert Brown: small pollen grains have irregular motion in water
(becomes '‘Brownian motion’)

(1905) Einstein + Smoluchowski: Motion is caused by the impact of the water
molecules. Mean squared displacement can be related to a diffusion coefticient

using a probabilistic approach by considering the statistical behavior of the
molecules

(1908) Langevin: introduced a stochastic differential equation to describe
Brownian motion using Random Markovian force
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Srownian Motion to Diffusion Models

(1827) Robert Brown: small pollen grains have irregular motion in water
(becomes '‘Brownian motion’)

(1905) Einstein + Smoluchowski: Motion is caused by the impact of the water
molecules. Mean squared displacement can be related to a diffusion coefticient
using a probabilistic approach by considering the statistical behavior of the
molecules

(1908) Langevin: introduced a stochastic differential equation to describe
Brownian motion using Random Markovian force

(1914) Fokker & (1917) Planck: Development of partial differential equations
of probability densities
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Srownian Motion to Diffusion Models

(1827) Robert Brown: small pollen grains have irregular motion in water
(becomes '‘Brownian motion’)

(1905) Einstein + Smoluchowski: Motion is caused by the impact of the water
molecules. Mean squared displacement can be related to a diffusion coefticient
using a probabilistic approach by considering the statistical behavior of the
molecules

(1908) Langevin: introduced a stochastic differential equation to describe
Brownian motion using Random Markovian force

(1914) Fokker & (1917) Planck: Development of partial differential equations
of probability densities

(1940) Kramers & (1949) Moyal: showed a Taylor expansion technique to
describe the time evolution of a probability distribution



From Langevin Dynamics to
Fokker Planck




3. From Langevin Dynamics to Fokker Planck

Brownian Motion, a special case of Langevin equation

1. Assume a heavy particule in a fluid

Stokes law Newton _m
dv(t =5 dv(t
F(f) = — av(t) Cm ‘;(t) +av(t) = 0 : ‘;(t) +yu(t) = 0




3. From Langevin Dynamics to Fokker Planck

Brownian Motion, a special case of Langevin equation

1. Assume a heavy particule in a fluid

Stokes law Newton — m
dv(t =7 dv(t
F(t) = — av() - m ‘;’(t) + av(t) = 0 g ‘c}i(t) + yv(t) =0

2. Assume a light particule in a fluid

y =mlv

Stokes law Newton
av(t 1) = FAf)/m, av(t
F(t) = — av(t) + Ff(t) . m ‘:Z(t) + av(t) = Ff(t){r() Fo/m V(t) + yu(r) = [(p)




3. From Langevin Dynamics to Fokker Planck

Brownian Motion, a special case of Langevin equation

1. Assume a heavy particule in a fluid

Stokes law Newton _ m
dv(t =7 dv(t
F(t) = — av(?) - m ()+av(t)=0 g ()+yv(t)=0
dt dt
2. Assume a light particule in a fluid
Stokes law Newton y=mly
av(t = Foyim. dv(t
(7) {m) F/m (7) () = T(0)

F(t) = — av(1) + Fy(1) - m ” + av(t) = F1)

3. Brownian Motion: Linear Langevin Equation

Ely(®)] =

['(¢) :Langevin Force { _
E[TC(OI'(t)] = gé(t — t')




3. From Langevin Dynamics to Fokker Planck

General SDEs

e
a Z(;) = f(t, &) + g(t, T () with T(#) ~ (0,1

N/

ds(t) = f(t, S)dt + g(t, S)dw

with dw = 1'(t)dt




3. From Langevin Dynamics to Fokker Planck

General SDEs

- — —— _ e ———— — e —

G
‘ i(;) = f(t,&) + 2(2, ) (¢) with I'(¢) ~ A (0,1)

%

ds(t) = f(t, S)dt + g(t, S)dw

with dw = 1'(t)dt

Examples: Solutions:
[
e (Wiener Process): x(t) =1(¢) . X() = J e 7O dt
0
[
e (Linear Langevin): x(1) + yx(r) = 1'(z) ® x(t) = xpe " + J e 7O dr
0

e (Non Linear Langevin): x(¢) = f(t, x) + g(t, x)dI (¢) * No analytical solution



3. From Langevin Dynamics to Fokker Planck

Example: Diffusion Models

dt> 0

Definition 4.1. Forward Diffusion.

dx = f(x,t) dt + g(t) dw. (4.10)
—— "~
drift diffusion

B
In DDPM: i) = >

g(t):\m dt <0

Definition 4.2. Reverse Diffusion.

dx = [f(x,t) — g(t)*Vxlogp:(x)] dt + g(t)dw : (4.11)
et ~ ~ - ——’
drift score function reverse-time diffusion

where p;(x) is the probability distribution of x at time ¢, and W is the Wiener process when time flows
backward.
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3. From Langevin Dynamics to Fokker |

Langevin oD.

Theorem 5.4. Wiener Process. Consider the Wiener process
£ =T(1), (5.15)

where I'(t) is the Gaussian white noise with E[I'(¢)] = 0 and E[['(¢)['(¢')] = ¢d(t — t'). The probability
distribution p(z,t) of the solution £(t) where £(t) = x is

1 _ (z—¢€g)?

2qt . 5.16
\/27rqte ( )

p(z,t) =
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(a) Realizations of £(t) (b) p(z,1t)

Figure 5.2: Realization of a Wiener process. (a) The random process follows the stochastic
differential equation. We show a few realizations of the random process. (b) The underlying
probability distribution p(x,t). As t increases, the variance of the Gaussian also increases.

100

Clanck

-s have assoclated ODEs on probability distributions (Example of the Wiener Process)



3. From Langevin .

Master bEguation

Clanck

Hokker

)yNamics to .

1. Assume the generic non linear Langevin Equation x(7) = f(7, x) + g(¢, x)d1'(¢)

2. Assume Markov Property p(x, .z [x,_,t ) =px.t |x,_{,1, 1) {

3. The Masters Equation states that:

X,)—1 = (‘xn—l’ Ap—2s - - ’XO)

tn—l — (tn—l’ tn_z, 500 g to),



3. From Langevin Dynamics to Fokker Planck

Master bEguation

1. Assume the generic non linear Langevin Equation x(7) = f(z, x) + g(z, x)dI (¢)

Xp—1 = (‘xn—l’ Ap—2s v s XO)

tn—l — (tn—l’ tn_z, 06 o g to),

2. Assume Markov Property p(x, .z [x,_,t ) =px.t |x,_{,1, 1) {

3. The Masters Equation states that:

a - - - -
—pl.n) = J W(xtlx\)pin| —  [W(x.tlxt)pen|  dx'
rate of E:haﬁge in-flow of F;robabi\itil out-flow ofvprobabi\i:cy

With W(x | x") the probability density function per unit time P(x'(t + df) | x(¢¥)) = W(x'| x)dt



3. From Langevin .

Example: 1D switch

Clanck

Hokker

)yNamics to .

Consider two states 0 and 1 (e.g. a gene which can be either active or inactive). kK is the transition rate from 0 to
1 and kK transition rate from 1 to 0, with k; + k, = 1.

P(xl —> Xz) —_ W(Xz |x1)dl‘

P(xz —> Xl) — W(.xl |.X2)dt



3. From Langevin Dynamics to Fokker Planck

Example: 1D switch

Consider two states 0 and 1 (e.g. a gene which can be either active or inactive). kK is the transition rate from 0 to
1 and kK transition rate from 1 to 0, with k; + k, = 1.

P(xl —> X2) —_ W(Xz |x1)dl‘

p(x;, t+dt) = p(x;, HP [ stay In xll +p(x,, )P [ move from x, to xl]

= p(x, t)<1—|]3> [ move from x; to x2] > + p(x,, HP [ move from x, to xl]

= p(x;, D) (1=W(x, | x))dt) + p(xy, OW(x; | x,)dt + O(t°)

P(xy = x;) = W(x; | x,)dt dp(x,, t) S Jumps during (t, t+dt)
dt T W(XZ ‘ xl)p(xla t)+ W('xl ‘ Xz)p(xz, t)




3. From Langevin Dynamics to Fokker Planck

Example: 1D switch

Consider two states 0 and 1 (e.g. a gene which can be either active or inactive). kK is the transition rate from 0 to
1 and kK transition rate from 1 to 0, with k; + k, = 1.

P(x; = x,) = W(x, | x))dt

p(x;, t+dt) = p(x;, HP [ stay In xll +p(x,, )P [ move from x, to xl]

= p(x, t)<1—|]3> [ move from x; to x2] > + p(x,, HP [ move from x, to xl]

= p(x;, D) (1=W(x, | x))dt) + p(xy, OW(x; | x,)dt + O(t°)

P(xy = x;) = W(x; | x,)dt dp(x,, t) S Jumps during (t, t+dt)
” — Wx, | x)p(xy, D+ WX, | x5)p(xy, 1)

T e —— ——

a
dp(s, 1)
dt

|

= —W( = s|$)p(s, D+ W(s| 1 = s)p(1 = s,1)
W(l = s|s) = k,_,
=K (kl—s — p(s, t)) if ko+k_ =1

p(l —s,0)+p(s,t) =1
Solvable |

M.
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3. From Langevin Dynamics to Fokker

Kramers Moyal Expansion + Pawula theorem

Langevin dx(t) = f(t, x)dt + g(t, x)dw

j o

0 0 1
Fokker Planck —p(x,t) = ——f(x,Hp(x, t) + — zx,t X, 1
- px.£) = = = fle, e, 1) + = g2 Dp(x. 1

* it X(t) is Markov process

Planck



3. From .

Kramers Movyal .

Fokker Planck

0
ot

Clanck

Hokker

Langevin bynamics to .

HXpansion + Pawula theorem

0 1 o°
—p=—$fp T 50387

0 1 0 , 0 o
=—gfp + Eax'[g glagp+$g]p
=_i[ 10990

0X / 2g 0X il Oxg r

0
= ——Jp



3. From .

Kramers Movyal -

Fokker Planck

0
ot

Clanck

Hokker

Langevin bynamics to .

HXpansion + Pawula theorem

0 1 o°
—p=—gfp T 50387

0 1o [,o0 0
=—gfp + Eax'[g glogp+$g]p
=_i[ 199

ox / 2g 0x el 8xg r

0
:——]p

Langevin dx(t) = J(t,x)dt ~ dx(t) = f(t,x)dt + g(x

, Ddw



3. From .

Kramers Movyal .

Fokker Planck

0
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Clanck

Hokker

Langevin bynamics to .

HXpansion + Pawula theorem

-2 fr + L o ,
e W L
0 o+ 1 o , 0 . o
o A A —lo _
0X ’ 2 0x 5 Ox 5P Oxg P
0 f L 29 J
=—— |/ — =<8 —logp — #
0 0 in many ML cases

Langevin dx(t) = J(t,x)dt ~ dx(t) = f(t,x)dt + g(x

, Ddw



3. From

Kramers Moyal
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L.angevin
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Dynamics to

Expansion + Pawula theorem

Fokker

Planck
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0, 1) = ul(x) + lgz(x, 0)s(x, 1) + ligz(x f)
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Kramers Movyal -

Flow network
u(x)

Score network

Si(x

Vincent (2011), Lipman (2022): {

_Langevin .
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Clanck

Hokker

)yNamics to .

HXpansion + Pawula theorem

X0, X1)

X0, X1)

u (x) ~



3. From

Moments

L.angevin

1 1
M(x,m) = — hm - [x(t + At) — x)m
m! Ar—0 At (1=

Dynamics to

7\

Drift

Diffusion

Fokker

Planck



Application to current data




4. Application to current data

Kramers Moyal Expansion + Pawula theorem

0.1 Cox-Ingersoll-Ross (CIR) model:

dx, = a(b — x,) dt + 0\/2 dw,

If we assume noise is \/E can we recovera, b ?

Probabiliy Density Function

0 20 20 60
Protein Concentration
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4. Application to current data

Kramers Moyal Expansion + Pawula theorem

0.1 Cox-Ingersoll-Ross (CIR) model:
0.05} 77
T dx, = a(b —x,) dt + 0\/2 dw,
-
S .
-
-
LL ° °
= if we assume noise is \/E can we recover a, b ?
;
= |
g '« change of variable u, = \/ft
QO
o
x a b
2 u,
| 52

| | ] fe(xa 1) = I/tte(X) | > Ste(x, f)
0 20 40 60 M‘
Protein Concentration _




4. Application to current data

Kramers Moyal Expansion + Pawula theorem

0.1 Cox-Ingersoll-Ross (CIR) model:
0.05¢
_ 720 s MR dx, = a(b — x,) dt + a\/ft dw,
S o
-
T 0.05} . .
> If we assume noise is \/E can we recover a, b ?
N . s
= " | | | :
5 oo '+ change of variable utz\/z B No change of variable
48.0 hrs | | —_— el
< ] a b ] . e dx,=a(b— x,)dt + 0\/2 dw,
0.1 —_— — —— | i
- U 2(u u)dt +oaW, * Normal inference
0.05 I [ 5 | 2 4
ol 0 _ 0y 20 e fOx, 1) = ul(x) 2 x,s0(x, 1) :
0 20 40 60 | 2 | |
Protein Concentration — EN— [ _ f
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